ON VINOGRADOV’S MEAN VALUE THEOREM
TREVOR D. WOOLEY

1. INTRODUCTION

The object of this paper is to obtain improvements in Vinogradov’s mean value theorem widely
applicable in additive number theory. Let J; ;(P) denote the number of solutions of the simultaneous
diophantine equations . .

vl tal=yi 4o tyl (1<5<k), (1.1)

with 1 < z;,y; < P for 1 <i <s. In the mid-thirties Vinogradov developed a new method (now known
as Vinogradov’s mean value theorem) which enabled him to obtain fairly strong bounds for J; x(P). On
writing
fla@Q) = Y elons + s + -+ ara®), (12
z<Q

2T

in which e(«) denotes e*™“, we observe that

Jx(P)= | 1S (e P)Pde

where T* denotes the k-dimensional unit cube, and a = (ay,...,ax). It will therefore be readily

appreciated that bounds for the mean value J; 1 (P) provide information about the size of exponential

sums involving functions to which there are reasonable polynomial approximations. Thus there are

numerous applications for such bounds, and indeed Vinogradov was able to use his method with great

success in areas as diverse as Waring’s problem, zero-free regions for the Riemann zeta function, and

obtaining bounds for the fractional parts of polynomials (see Vinogradov [15] and Walfisz [16]).
Stechkin [9] and Karatsuba [7] have obtained bounds of the form

Jrei(P) < D(k,r)P2re=sklttn(rk) (. ¢ N), (1.3)

where D(k,r) is independent of P, and n(r, k) = 1k*(1 — 1/k)". Reductions in the permissible value of
n(r, k) have since been obtained, most recently by Turina [10], but these seem to be of importance only
for small values of r, the savings being rapidly dissipated as r increases.

In this paper we describe a new method which permits rather substantial improvements to be made
in the term 7n(r, k). Roughly speaking, we are able to double the rate at which n(r, k) diminishes with
respect to r in the region of importance. The precise form of our result is given in the following theorem.

Theorem 1.1. Let t and k be positive integers with t > k > 2, and suppose that p a positive real
number with 2t — $k(k + 1) < p < 2t, and satisfying the property that we have Jy j,(P) <5 P*.

Fors=t+1k (I=1,2,...), define the real numbers \g, As, 05 and ¢(j, s, J) recursively as follows.
Put Ay = p + %k(k + 1) —2t. Then forl > 1 and j = 1,...,k put ¢(j,s,7) = 1/k, and evaluate
o4, s, J — 1) successively for J =j,...,2 by

k+ (kK> +3(J—1)(J —2)— As_y) 0(4, 5, J)

¢*(ja37']_1) = k2
¢(j,s,J —1) = min{1/k,¢*(j,s,J — 1)} (1.4)
Finally, set
93 = min ¢(j737 1)7 (15)

1<j<k
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Ay = Ay 1 (1—0,) + k(KOs — 1), (1.6)
As =25 — sk(k+1) + A, (1.7)

Then for each s = t + 1k (I = 1,2,...) we have Jsx(P) < P*s. (Here the implicit constant in
Vinogradov’s notation depends at most on s and k).

We remark that in the statement of Theorem 1.1, the A, which appear satisfy 0 < A, < k?, and
so the numbers ¢ are always positive. Consequently 0 < 6, < 1/k for each s. Moreover, 05 = 1/k
immediately yields the “classical” result, so that the superiority of Theorem 1.1 will be obvious. It is
useful to have a simplification of Theorem 1.1 of use in applications. The bound which we give below
could certainly be refined (along the lines of the treatment of section 4 of Wooley [17]), but that given
has the advantage of simplicity of derivation.

Theorem 1.2. There exists an absolute constant ko such that whenever k > ko, we have
Tyt (P) <y PEE 2kt D40 (k)

where
2 T
n(r, k) :k:2logk:<1—E(1—1/logk)) 1 <r<r(k),

n(r, k) =5(log k) (1 _ %(1 _ 1//<;)) r (),

in which we have written r1(k) = [k(logk — loglog k)] + 1.

The dependency on s and k in our bound for J, ;(P) could be found with a little effort. Indeed, it
is necessary to make this constant explicit in order to establish zero-free regions for the Riemann zeta
function. However, it would seem that our new results do not lead to any significant improvements in
the latter, and instead we concentrate on applications of Theorem 1.1 in additive number theory. The
method of proof of each of the following corollaries is in each case a simple modification of existing
methods, and we go into detail only in the first two cases.

We first obtain bounds for exponential sums.

Corollary 1.1. Let ¢(x) = Z?Zl ajzd, and put f(a) = 27{;1 e ((n)). Suppose that there exist j,
a, q with 2 < j <k, |aj —a/q] < ¢2, (a,q) =1 and ¢ < PI. Then if P < ¢ < P71, we have

fla) <. P179F¢ where
o = o(k) = max (1 _AS) ,

seN 2s

and Ag is as given in the statement of Theorem 1.1, but with k replaced by k — 1. In particular,
(2k%*logk)o(k) > 1+ o(1) as k — oco.

Previously, the best exponent in such results satisfied (4k%logk)o(k) > 1+ o(1) as k — oo, (see
Vaughan [11], Theorem 5.3). Note that Baker’s generalization of Weyl’s inequality (see R. Baker [1],
Theorem 5.1) leads to a “minor arc” bound f(a) < P'=7(F)+¢ with 7(k) = 2!=*. Also, Heath-Brown
[3] has obtained an improvement of the latter exponent to 7(k) = 237%/3 on a more restricted set of
@, at least, when v¥(n) = an® and k > 6. Corollary 1.1 improves on the latter exponent whenever
k > 12. For small k, explicit values of o(k) are frequently required, so we take this opportunity of
recording the values arising from Corollary 1.1 on applying Theorem 1.1 starting from the estimate
Jri1 k(P) e, PPT1TE (see Hua [6], Lemma 5.4).

Corollary 1.1a. Define o(k) as in Corollary 1.1, and put p(k) = 10*c(k). Then we have p(11)
12.416, p(12) > 9.91907, p(13) > 8.09323, p(14) > 6.71884, p(15) > 5.66022, p(16) > 4.82792, p(17)
4.16423, p(18) > 3.62526, p(19) > 3.18243, p(20) > 2.81440.

>
>

Let é(k) denote the least integer ¢ such that for all s > ¢, and all sufficiently large natural numbers
n, we have the asymptotic formula in Waring’s problem, that is

(C(L+1/R)"

card{x € N*:n =g + - +a{} = (6sx(n) +o(1)) [(s/k)
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Here S, (n) denotes the usual singular series in Waring’s problem (see Vaughan [11], Section 2.6).
The first workers to obtain a bound for G(k) were Hardy and Littlewood [2], who obtained G(k) <
(k —2)2*=! + 5 for k € N. For small k, this bound has been improved on by Hua [4], who obtained
G(k) < 2% +1, and Vaughan [12, 13], who obtained G(k) < 2* for k > 3. Heath-Brown [3] has recently
shown that é(k:) < 7-2F=3 41 for k > 6, and quite probably the “+1” can be saved by combining his
argument with that of Vaughan [13].

It seems likely that G(k) = O(k), and so the above bounds are clearly rather unsatisfactory, increasing
exponentially with k. It was therefore of great interest when Vinogradov [14] proved that G(k) <
183k%(log k + 1)2. This bound was improved by Vinogradov, Hua and others, and the best bound
currently known is of the form G(k) < (4 + o(1)) k2logk as k — oo, first proved by Hua [5] in 1949.
Since then only the o(1) term has been improved (see Vaughan [11], Section 5.3). Using Theorem 1.1
we obtain the following improvement.

Corollary 1.2. We have G(k) < 1+ mingey (25 + A, /00), where A, is as given by Theorem 1.1, and
oo = max{c,2'"F}, in which o = o(k) is the exponent given by Corollary 1.1. In particular, we have

G(k) < (2+ o(1)) k2logk as k — co.

We take this opportunity to record bounds stemming from Corollaries 1.1 and 1.2 when 10 < k£ < 20.
Starting from the same estimate as was used for Corollary 1.1a, we obtain the following bounds.

Corollary 1.2a. We have G(10) < 750, G(11) < 975, G(12) < 1200, G(13) < 1450, G(14) < 1725,
G(15) < 2026, G(16) < 2354, G(17) < 2708, G(18) < 3089, G(19) < 3497, G(20) < 3932.

These bounds may be compared with the bounds G(10) < 897 (Heath-Brown [3]), and G(11) < 1520,
G(12) < 1948, G(13) < 2355, G(14) < 2810, G(15) < 3309, G(16) < 3852, G(17) < 4440, G(18) < 5074,
G(19) < 5754, G(20) < 6481 (attainable by the method of Vaughan [11], Chapter 5).

The final two corollaries we give without proof.

Corollary 1.3. Let k > 4. Then there is a J = J(k) with the property that for any polynomial
f(x) = agz® + -+ a1z and N > Ny(k), there is a natural number n < N with ||f(n)| < N~/7.
Further, we have J < (4 +o(1)) k*logk as k — co.

Theorem 4.5 of R. Baker [1] gives a similar “localized” result on fractional parts in which, asymp-
totically, 8 replaces 4 in the final conclusion.

Corollary 1.4. There are positive numbers Cy1, 0(k) and Co(k,s) such that whenever s > sy =
gk:Z(logk + C1loglogk), one has

sk (X) = <Cz(/<:,s) + O(X“Wf))) x25—k(k+1)/2

Theorem 7.4 of Vaughan [11] gives a similar result in which for some absolute constant C5 we have
so = k*(3logk + loglog k + C3).

The proof of Theorem 1.1 is motivated by the strategy adopted in the author’s recent work on
Waring’s problem (see Wooley [17]). There we were able to exploit the arithmetic properties of a suitable
set of integers A to set up an “efficient” Weyl differencing procedure. Thus, given a polynomial ¥ (x),
expressions of the form m™" (¥ (z + hm") — U(z)) arise (Weyl differencing corresponds to the situation
where m = 1). Our methods necessarily differ from those of Wooley [17], because the underlying set of
integers for the equations (1.1) consists of a complete interval. However, we are nonetheless able to set
up a similar form of reduction formula to that in the aforementioned paper by using the well-known
“p-adic method” of Linnik-Karatsuba. Roughly speaking, we relate the number of solutions of the

simultaneous equations
k s

Z(wﬁ —y) =) (W —vl) (1<j<k)

with 1 <z, < P (1 <1<k),1<u,v <P (1<r<s), tothe number of solutions of the

simultaneous equations
k

> (@l —yl) = JZ Jond) (1<j<k) (1.8)

1=1
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in which p is some fixed prime with P? < p < 2P%, and

1<mp,n. <P (1<r<s),

. . (1.9)

1<wj,y; <P, z;=y (modp”) (1<i<k).
In previous applications of the method one took # = 1/k, so that the congruential condition in (1.9)
implies, by permuting variables, that z; = y; (1 < i < k), and in this way Jsy 1 (P) is related to
szk(Pl_e). We choose 6 < 1/k, and then consider the substitution y; = x; + h;p®. This gives rise to

efficient differences, via expressions of the form ¥; ; = p~J ((:1:z + hip*)T — a:z ), and we are then able

to manipulate equations to obtain a new system of equations of the form

k s

(@i - =D (ul—vl) (1<j<k)

1=1 r=1

with the ®; ; being of a form similar to the ¥; ;. There is then the possibility of repeating the whole
process, and thus extracting efficient differences repeatedly.

One major difficulty in both the new and old methods is the possibility that there may be singular
solutions to the system of congruences which arise from (1.8). In previous approaches to the problem,
one fixed the choice of prime and dealt with the possibility of singular solutions via a separate argument.
In this paper we consider a set of primes bounded in number by a power of k, and show that if there
is a singularity mod p for each of these primes, then there is a real singularity. The latter imposes a
strong restriction on the range of the variables. This treatment may be used to reduce the term D(k,r)
in (1.3) (such a process is executed in Wooley [18]).

In Section 2 we prove some preliminary lemmata before going on to prove the fundamental lemma in
Section 3. The latter is then used in Section 4 to establish the efficient differencing procedure, leading
to Theorem 1.1. In Section 5 we deduce Theorem 1.2 in an elementary manner from Theorem 1.1. The
remainder of the paper is then taken up with proving the corollaries, which are simple applications of
the main theorem through existing methods.

The author wishes to thank Professor R. C. Vaughan, for re-motivating the author with respect to
this problem, and for much useful advice during the course of the author’s PhD at Imperial College,
London. The author thanks the Science and Engineering Research Council for a grant. This paper was
revised while the author was in receipt of a US NSF grant, enjoying the hospitality of the Institute
for Advanced Study. The author also greatly appreciates the detailed suggestions of the referee, which
have much improved the exposition of this material.

2. PRELIMINARY LEMMATA

We shall derive an analogue of the fundamental lemma of Wooley [17] relating the numbers of
solutions of two auxiliary equations. Unfortunately, the reduction formulae which we apply generate
rather complicated polynomials. We shall avoid explicit reference to these polynomials by adopting the
following notational convenience.

Definition. Let d and k be integers with 0 < d < k. Let P be a positive real parameter, and let A
be a sufficiently large (but fixed) positive real number. Then we say that the k-tuple of polynomials
(P) = (Uy(2),...,Y(x)) € Zx]* is of type (d, P, A) if

(a) ¥; has degree i — d for i > d, and is identically zero for i < d, and

(b) the coefficient of x*~% in W;(z) is non-zero, and bounded by AP (1 <i < k).

Where confusion is easily avoided, we shall frequently use such objects as (¥) in a generic sense.
As indicated in the introduction, our method depends fundamentally on efficient Weyl differencing.
We define the modified forward difference operator A} by

A (f(x);hsm) =m™ (f(z + hmF) — f(2)).

In the following lemma we give some immediate consequences of the above definitions.
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Lemma 2.1. Suppose that the system (W) is of type (d, P, A). Then the following hold.
(i) Suppose that A\;; (1 < j <i <k) are integers, and the polynomials ®; are defined by

i—1
Q=0+ N\, (1<i<k).
j=1
Then the system (®) is of type (d, P, A).
(ii) Define the Jacobian J(¥) by
J(¥) = det (a (ZJ)) .
0zj d+1<i,j<k

Then
_ i—d—1
J(¥) =V det (zj )d+1§i,j§k’

with V' a non-zero integer satisfying V < AFPkd,
(iii) Let h and m be fived integers with 1 < hm* < BP, and define the polynomials T; = Y;(z) by

T, = AF (U(2);hsm) (1 <i<k).

Then the system (Y) is of type (d+ 1, P,kAB).

Proof. (i) Conditions (a) and (b) of the definition are satisfied almost trivially.

(ii) This follows by using row operations on the determinant.

(iii) We have that T;(z) is of degree i —d — 1 for i > d + 1, and is identically zero for 1 < i < d.
Then to prove (iii) we merely note that the leading coefficient of Y;(z) is (i — d)hm*~% < kBP times
that of W;(z).

The following result on the number of solutions of certain systems of congruences should be compared
with Lemma 1 of Linnik [8] (frequently attributed to Karatsuba).

Lemma 2.2. Suppose that the system (W) is of type (d, P, A). Let B(p;u;¥) denote the number of

solutions (z1,...,z) distinct (mod p*) of the system of congruences
k .
Y Ui(z)=u; (modp!) (d+1<j<k)
i=1
with

0z )d+1§i,j§k

not divisible by p. Then B(p;u; ¥) < pBd) phere
w(k,d) = 3(k(k — 1) +d(d + 1)), (2.1)

and the implicit constant depends only on k.

Proof. Let Cy(p;u; ¥) denote the number of solutions (z1,...,z;) distinct (mod p*) of the system of
congruences

Ui(z)=u; (modpF) (d+1<j<k) (2.2)

7 1

-
+

with (J(¥;z),p) = 1.
We have i}
B(p;w; ®) = Co(p;a; ), (2.3)
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where the summation is over a; = u; (mod pj) with 1 < a; < P (d+1<j <k). For a fixed u, the

k—d)(

total number of choices for a is p%( k=d=1) Next, by taking any of the p* possible choices for each

z; in (2.2) with 1 < i < s =d, we have

Co(p; a; ¥) < p*d max Cq(p; b; W) (2.4)

where the maximum is over all b € (Z/p*Z)*~?. If we can now show that Cy4(p;b; ¥) is bounded
independently of p, then the result will follow from (2.3) and (2.4), since 3 (k—d)(k—d—1)+kd = w(k,d).
We begin our investigation of C4(p; b; ¥) by considering the congruences

> Wi(z)=b; (modp) (d+1<j<k). (2.5)

Let (441,-..,2k) be any solution of the system (2.5) with (J(¥;x),p) = 1, and let (yg+1,...,yx) be

another such. Let i

P(X) = J[ (X -,

i=d+1

Then by Newton’s formulae connecting the sums of the powers of the roots of a polynomial with its
coefficients, and by using the information on the leading coefficients of the ¥; given by the condition
(J(¥;z),p) =1, we have
k
Px)= T (X ~u) (modp).
i=d+1

Then P(y,) =0 (mod p) for d+1 < r < k. Now (¥) is of type (d, P, A), and so by Lemma 2.1(ii) we
have .

J(\I’, Z) =V det(zé_d_l)d+1§i,j§k

for some non-zero integer V. But since (J(¥;y),p) = (J(¥;x),p) = 1, the x, and y, must each be
distinct (mod p). We therefore conclude that the y, are a permutation of the x,, and hence that the
number of solutions of (2.5) with (J(¥;z),p) =1 is at most

(k — d)!. (2.6)

Next we use the non-singularity condition to lift the solutions (mod p) uniquely to solutions
(mod p*). Suppose that z is any solution counted by C4(p; b; ¥), and consider all other distinct solu-
tions 2z’ such that z’ = z (mod p) and (J(¥;2'),p) = 1 (if any such solutions exist). We may plainly
write 2z = z; + ;p” (d+ 1 < i < k) for some integers (;. Further, without loss of generality we may
suppose that ((g+1,...,Ck,p) =1 and 1 < 7 < k. Write ¥'(z) for 0¥(z)/0z. Then on substituting z’
for z, by (2.2) we have

k
> GV(z)=0 (modp) (d+1<i<k)
i=d+1
But det(V}(2;))a+1<ij<k Z 0 (mod p), and hence ¢; =0 (mod p) (d+1 < i < k). This contradicts the
assumption ((g41,---,Ck,p) = 1, and so we conclude from (2.6) that Cy(p; b; ¥) < (k — d)! for every b,
which completes the proof of the lemma.

3. THE FUNDAMENTAL LEMMA.

In the remainder of this paper we consider P to be the basic parameter, a sufficiently large real
number. Implicit constants will depend only on the natural numbers £ > 2 and r, unless stated
otherwise.

Suppose that (Uq,...,¥) is of type (d, P, A). Taking J(¥;z) to be as in the statement of Lemma
2.2, we can find a positive integer, | = [(A, k), independent of P, such that

log |J(¥;z)| z
RSN D SR k
o < log P <
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where the supremum is over z with 1 < z; < P (d+ 1 < i < k) subject to J(¥;z) # 0.

Let 6 be a real number with 0 < 6§ < 1/k. We take P(0) to be the set consisting of the smallest
[2k! /0] + 1 primes exceeding P?. Notice that on taking P sufficiently large, we have P? < p < 2P for
each p € P(0).

Define K4(P,Q; ¥) to be the number of solutions of the simultaneous equations

k s
Z (Ui (2n) — Uy(2])) + Z (8 —y:)=0 (1<i<k) (3.1)

n=1
with
0<z2p,2, <P (1<n<k), and 0<Xp,ym <Q (1<m<s). (3.2)

Also, for p € P(0) we define L4 (P, Q; 0; p; ¥) to be the number of solutions of the simultaneous equations

k s
> (Tilzn) = Wilzp) +p" Y (uh, —vh,) =0 (1<i<k) (3.3)

with z, 2z’ satisfying (3.2), and
0 < Um,vm <QP? (1<m<s), z,=2, (modp*) (1<n<k). (3.4)

We then write
Ly(P,Q;0;%) = max L,(P,Q;0;p;®).

pEP(H)
We are now in a position to state and prove the fundamental lemma.

Lemma 3.1. Suppose that s > d, 0 < P’ < Q < P, and that the system (Vy,...,¥}) is of type
(d, P, A). Then there exists a system (®1,...,Px) of type (d, P, A) such that

K. (P,Q;¥) <4 P*J, 1(Q) + PEsTeRd=1)0 T (P Q, 0, ®),

where w(k,d) is given by (2.1).

Proof. In the proof of this lemma implicit constants may depend on 6 and A. Let R;(w) denote the
number of solutions of the simultaneous equations

k s
> Wilzn)+ Y ah,=w; (1<i<k) (3.5)

with w fixed, and with z,x satisfying (3.2), and the additional condition that the z, be distinct. Also,
let Ro(w) denote the corresponding number of solutions with the z, not distinct.
We have
Ky(P,Q; %) =Y (Ri(w) + Ra(w))?,

wW

where the summation is over w € Z*. Then K (P,Q;¥) < 4(S; + S3), where S; = Y R;(w)?
(1=1,2).

We divide into two cases.

(i) Suppose that Sy > S1. Then we have K (P, Q; ¥) < 8S55. Let f(a; Q) be defined as in (1.2), and

Fla) = Z e(a1¥q1(2) + -+ apVgr(2)).

z<P

On noting that S, counts solutions of (3.1) in which the z, are not distinct, and likewise the z/,, by
considering the underlying diophantine equations we deduce that

Sp < | |F(20)°F(a)* ™" f(0; Q)**|dex.
Tk
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Then by applying Holder’s inequality twice, we obtain

2/k

Kpw < [ 1Fersaariia) ([ Fowt e i)

By making a trivial estimate, we therefore have

2/k
K, (P,Q; ) < (K (P,Q; ®))' (Pk /T |f(a;Q)|28da) ,

and the result follows in the first case.
(ii) Suppose that S1 > So. Then we have K (P, Q; ¥) < 85;. For a solution z,x counted by R;(w),
consider the Jacobian J(W;z). Since (¥) is of type (d, P, A), by Lemma 2.1(ii) we have

J(¥;2) = Vdet(z;™ " )ar<ij<

for some non-zero integer V. Then since the z; are distinct, we have J(¥;z) # 0. Hence the number,
N*(z), of prime divisors p of J(W;z) with p > P? satisfies

log |J(¥; z)]

lp—1
g b <K

N*(z) <

But then card (P(0)) > N*(z) + N*(z'), and hence there is a prime p € P(0) with p dividing neither
J(¥;z) nor J(W;2’). It therefore follows that S1 < }° .p ) S3(p), where S3(p) denotes the number
of solutions of the equations (3.1) subject to (3.2), and in addition with the z, distinct (mod p), and
likewise the z/,.

Consider any solution z, z’, x, y counted by S3(p). Since ¥ is of type (d, P, A), we have

@k —yh) =0 (1<i<d).

m=1

Let B(w) denote the set of solutions distinct (mod p) of the system of congruences
S
fonzwi (mod p) (1<i<d).
m=1

It is a simple exercise to show that when s > d, we have card (B(w)) < p*~¢ (the number of singular
solutions of this system of congruences is particularly easy to estimate).

Let
folasy) = > elonz+-- + apah),
0<z<@Q
z=y (mod p)
and

Gla) = Z Z e(a1s1(z) + - + apsi(z)),

z1<P 2 <P
(J(¥;2),p)=1

in which we have written
Si(Z) = \Ili(zl) —+ o+ \I/Z(zk)

Then by considering the underlying diophantine equations, we have

p p
Ss(p) < [ 16 3 - 37 IU(esw)Pde
U)l:l wd:1

where

U(ay;w) = Z folosur) ... fplasusg).

ueB(w)
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But by Cauchy’s inequality, followed by an application of the arithmetic-geometric mean inequality, we
have

U w)? < card (B(w)) Y [fplasur)... fylesuy)f?

ueB(w)
<p Y D e u)*
ueB(w) i=1
Hence
S3(p) < p**~% max Si(z,p), (3.6)
1<z<p
where

Sile.p) = [ | 16(@) fy(0s ) dax

But Sy(z,p) is the number of solutions of the simultaneous equations

k s
> (Wilzn) = Wilzl) + Y ((pym +2)" = Py +2)') =0 (1<i<k), (3.7)

m=1
with z,2z’ satisfying (3.2) subject to
(J(¥;2),p) = (J(¥:;2'),p) =1, (3.8)

and
—2/P < Ym, Yy < (Q — ) /D (3.9)

Then on noting that by the binomial theorem,

Zi: (;) (PYm + )’ (=)' = (pym)",

3=0
we deduce that for each solution z, z’, y, y’ of (3.7), we have

S

k
ST (@ilzn) = i)+ 0D (W —y) =0 (1<i<k), (3.10)

where

J=0

Conversely, each solution z, z’, y, y’ of (3.10) satisfies (3.7). Then Sy(x,p) is the number of solutions
of the system (3.10) with z, z’ satisfying (3.2) subject to (3.8), and with y, y’ satisfying (3.9). Further,
by Lemma 2.1(i) the system (®) is of type (d, P, A), and in particular, by using row operations on the
implicit determinant we have J(®;z) = J(¥;z).

Now, on recalling definition (1.2), and abbreviating (a1p, ..., arp") to ap’, we have
2s
> elaapy+ -+ arp™yF)| <14 |f(ap’ V).
0<y<Y
Let

H(a)= Y - Y elonti(z) + - + antr(2)),
21<P 2 <P
(J(®;2),p)=1
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in which we have written
ti(Z) = @i(zl) + -4 (I)Z(Zk)

Then by considering the underlying diophantine equations, and semi-diagonal solutions of these equa-
tions, we have

Sa(z,p) < /Tk |H(a)?f(ap’; QP~%)*|da. (3.11)

The integral on the right hand side of (3.11) is equal to the number of solutions of the equations (3.10)
with the variables satisfying (3.2),

(J(®32),p) = (J(®:;2'),p) = 1, (3.12)

and
1< Y, Yy < QP77 (3.13)

Now ®,(z) is independent of z for 1 <1 < d. Also, for each solution counted by S4(z,p) we have
ti(z) = t;(z') (mod p') (d+1<i<Ek),
so that each solution of (3.10) subject to (3.12) and (3.13) may be classified according to the common
residue class (mod p?) of t;(z) and t;(z’) for each i.
Let B*(p; u; ¥) denote the set of solutions (z1, .. ., z;) distinct (mod p*) of the system of congruences

ti(z) =u; (mod p') (d+1<i<k),

with (J(®;2z),p) = 1. Then by Lemma 2.2 we have card (B*(p; u; ¥)) < pF4). Let

H(o;z) = > > e (anty(z) + - - - + agtp(z)) .

z1<P <P
r1=21 (mod pk) =z (mod pk)
Then we have
where
V(o) = [ Hy(e)lf(ep'sQP )P da, (315)
T
and

= Z Z Z H(ovz)

Ug41=1 ur=1 |z€B*(p;u;¥)

But by Cauchy’s inequality,

pit?
Z Z card(B* (p; u; ¥)) Z |H(a;2) 2.
udr1=1  up=1 z€B* (p;w; )

Then by (3.6), (3.14) and (3.15), we have

S ( )<< p23+w(kd 1) Z Z ’H o Z f(api);QP—O)Zs‘da

Z11 Zkl

and the lemma now follows in the second case, on considering the underlying diophantine equations.
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4. SUCCESSIVE DIFFERENCING

Here we shall set up the apparatus necessary to achieve the efficient differencing process mentioned
in the introduction.

Lemma 4.1. Suppose that 1 < P? < Q < P, and that the system (®1,...,®}) is of type (d, P, A).
Write H = P1=%. Then there exist p € P(0) and h satisfying 1 < h < H such that the system
(Y1,..., k), given by

T = A7 (®i(2);hsp) (1 <i<k),

satisfies the property that

Lo(P,Q:6;®) <a PP (QP™*) + H* (K.(P.QP™*:X)J.x(QP") """

Furthermore, (X) is of type (d + 1, P, k2K A).
Proof. In the proof of this lemma implicit constants may depend on A. We shall prove the bound in
the lemma with Ly = Ls(P, Q;0;p; ®) in place of Ls(P,Q;0; ®), and remove the maximum implicit in

the conclusion. The lemma then follows easily.
Let

k

I(a) =) > e(m®i(@) + -+ opPi(2))
z=1 <P
z=z (mod p*)

We have Ly < Uy + Uy, where Uy denotes the number of solutions of the equations (3.3) subject to
(3.4), and with z, = 2/, for some n with 1 < n < k, and U; denotes the corresponding number of
solutions with z, # 2/, (1 <n < k).

We divide into cases.

(1) Suppose that Uy > Uy. We have

Up < P [ (Ip(e0)*~"[f(ep’s QP™)[**dex.
Tk
An application of Holder’s inequality gives

1-1/k

Ls(P,Q; 0;p; ®) <P ( /T k <Ip<a>>’f!f<api;QPG)IQSda)

, 1/k
i; P— 2sd )
< ([ 1#teptiop)da
—P (Ly(P,Q;0;p; ®)) /" (Js,k(QP_a))l/k ;

and the result now follows in the first case.
(ii) Suppose that U; > Uy. For each solution of (3.3) counted by Uy, we have z, = 2/, (mod p*) and
zn # 25, (1 <n < k). Then for some h,, with 1 < |h,| < H, we have

2= zn + hap® (1< n<k). (4.1)

On substituting (4.1) into (3.3), we deduce that
U < Z"'ZU2<7717'-'577k)7
m Mk

where the summation is over n; = £1 (i = 1,..., k), and where Us(n) is the number of solutions of the

system of equations
S

k
> i Yilzshysp) + Y (ub, —vl) =0 (1<i<k)
Jj=1

m=1
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with z satisfying (3.2), 0 < Upm,vm < QP7? (1 <m < s),and 1 < hj < H (1 <j < k). Further, the
system () is of type (d + 1, P,k2¥A) by Lemma 2.1(iii).
Define
W(a;h) = Z e(a1Yi(z;hsp) + -+ apTr(z; by p)) .
z<P

Then by considering the underlying diophantine equations, we have

U1<Z/ [L 3 Was ) | (s =) da.

j=1h<H

where the summation is over € {+1, —1}*. But by Holder’s inequality we have

ST D, Wnjesh) | < H1 Y [W(ash)[*

n \j=1h<H h<H

Then by the Cauchy-Schwarz inequalities we have

1/2
U, < ( / |f(a;QP"’)|28da>
Tk
1/2

x | H?F- 1/kZ|W 2kfaQP )2s\da ,
T

h<H

which leads to the desired conclusion in the second case, on considering the underlying diophantine
equations.
This completes the proof of the lemma.

Combining the conclusions of Lemmata 3.1 and 4.1 gives us a means of relating K (P, Q;¥) to
K (P,QP~%; "), where Y behaves like A*®¥. We are therefore able to take differences repeatedly, and
this enables us to obtain estimates for Jsij x(P) in terms of J, x(Q). Theorem 1.1 supplies us with a
bound of the form Jg (P) < P*s.

The proof of Theorem 1.1. Before starting the proof of the theorem, we make some comments
concerning the variables in its statement. Notice first that for each j, s and J, we have ¢(j,s,J) < 1/k.
Therefore 0; < 1/k, and hence

Ay <max{0,A,_p} < k(k+1)/2 < k2,

by a trivial induction. Then (1.4) yields positive values for the ¢ and ¢*, and thus 65 > 0. Also, (1.7)
gives \g < 2s.

We prove the result by induction, the case s = t being assumed. So suppose that the result holds
with s’ =t + mk for each 0 < m <, and let s =t + lk. We write )\ for \;.

Let j be the least integer with 1 < j < k such that s, = ¢(j,s + k,1). For J = 1,...,j define
o5 = ¢(j,s + k,J) as in the statement of the theorem. Then if ¢; = 1/k for some J < j, we
have ¢(j,s + k,J) = ¢(J,s + k,J), and one finds successively that ¢(j,s + k,r) = ¢(J,s + k,r) for
r=JJ—1,...,1, contradicting the minimality of j. Thus ¢; < 1/k for J < j. We adopt the notation
of writing

M; = P%,  H;=PM™* Q;=PM .. M)" (1<i<j),

and adopt the convention that Qo = P. We shall also take A; to be a series of sufficiently large (but
fixed) real numbers with each ratio A;/A,_; also sufficiently large.

We shall first prove inductively that for J = j — 1,5 — 2,...,0, all systems (®) of type (J, P, A;)
satisfy

Ls(P,Qu; ¢ss1;®) < PFQJ . (4.2)
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First notice that if (¥) is of type (j, P, A), then a trivial estimate gives
K, (P,Q;;¥) < P?*J, 1(Q;).
Then by Lemma 4.1, for all systems (®) of type (j — 1, P, A;_1) we have
Ly(P,Qj-1; 655 ®) < P"Jo1(Qj) + PEHJ Jo1(Q).

But we have ¢(j,s+ k,j) = 1/k, and hence H; = 1. Thus the result follows in the case J = j — 1.

We shall now suppose that (4.2) holds for J, and deduce the corresponding result for J — 1. We
have just established (4.2) when J = j — 1, so we may assume that J < j — 1. Then by Lemma 3.1, all
systems (¥) of type (J, P, Ay) satisfy

K, (P, Q3 %) < PJ, Q) + M7V PRQ) .

But since A < 2s, we have, by our inductive hypothesis,

Jor(Qr) € Q) = (My11Qu1) < M75,Q) 11,
and hence
S 2stw(k,J—1
Ky(P,Qr; ®) < P*M2%,Q),, + M3 ™7V PRy |
2s+w(k,J—1
< MR ph)

We therefore deduce from Lemma 4.1 that for all (®) of type (J — 1, P, Aj_1) we have

Lo(P,Q-1;¢65:®) < T+ T,/%, (4.3)
where
Ts = P*Q7, (4.4)
and 2s+ew(k,J—1
T, = PkMJiw( o )Hng§Q§+1- (4.5)

We have assumed that ¢; < 1/k for J < j, and hence that ¢; = ¢*(j,s + k,J). Then by (1.7) and
(1.4) we have

(2s +w(k,J = 1))dss1 — Ay = (k* + 3J(J = 1) — A)o(j, s + k, J + 1)
=2k%¢; — k.
Then by (4.5) we deduce that T41/2 = P*Q’, and hence from (4.3), (4.4) and (4.5) that
Ly(P.Q-156.:®) < P*Q).

Thus (4.2) follows with J — 1 replacing J, and our second assertion holds for J =0,...,7 — 1.
It therefore follows that all systems (®) of type (0, P, Ap) satisfy

Ly(P,Qo: ¢1;®) < P*Qy,
so that by Lemma 3.1, for all systems (¥) of type (0, P, Ap), we have
K(P,Qo; W) < PM 4 Myt phy.

Then
Jorkx(P) < Ky (P, P; ®) < P*A 4 pY
where by (1.5), (1.6) and (1.7) we have
N =A1=0s4r) +k~+ (25 + 2k(k —1))0s 14
=2(s+k)— 1k(k+1)+ Agpy.
On noting that A’ > A+ k, since A\ < 2s and 04,4 > 0, we find that the inductive hypothesis follows for

s + k in place of s.
This completes the proof of the theorem.
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5. A SIMPLIFIED RESULT

We give here an elementary argument which leads to a bound asymptotically of similar strength to
Theorem 1.1. We shall suppose throughout that £ is a sufficiently large integer, and therefore write
such statements as k > 8(log k)? without comment. We adopt the same notation as in the statement
of Theorem 1.1.

We have 0 < 0, < 1/k, so that if 0 < A,_, < k? is positive, then by (1.6) we have

Ay =Dy (1 =1/k) 4+ (K* = Ag_p)(0s — 1/k) < Ag_p(1 —1/k).

Then A, is a decreasing function of r for r > 1, and on noting the simple estimate Ji 1 (P) < Pk
(giving Ay = 2k(k — 1)) we recover the “classical” bound

A < 31— 5)" (5.1)

By working somewhat harder we shall obtain Theorem 1.2.
Let u(k) = [kloglog k] + 1 and v(k) = [k(log k —loglog k)] + 1. We shall prove inductively that when
r < v(k), we have
Jrk,k(P) < P2rk—%k(k+1)+n(r,k)’ (52)

where the implicit constant depends at most on r and k, and
n(r,k) = 2k?loghk (1— 2(1—1/logk))" . (5.3)
First notice that .
(1—1/k)" (1 _ %(1 _ 1/logk)> <1+ 1/k).
For r > 1 the latter is at most e("~1/¥(1 + 1/k). Then for r < u(k), by (5.1) we have
Ay < 2K2(1+1/k)eloslosk (1 — 2(1 —1/logk))",

and so (5.3) follows in this case.
Suppose now that u(k) < r < v(k), and that (5.2) holds with (5.3) for each ' < r. We apply
Theorem 1.1 with t = rk,
A= 2k%loghk (1 - 2(1—1/logk))",

and 1 = 2t—3k(k+1)+A;. By elementary analysis, for each x > 2 we have e 1 7%/% < (1-1/z)* < e~ !,
and hence

Ar < 2k2loghk (1— 2(1—1/logk))* o8 "
< %]g? log kexp(—2loglog k(1 —1/logk)) < %, (5.4)
and
A; > 2K log k(1 — 2/k)k(os k-loglogk)
> 3k2log kexp (—2(1 + 4/k)(log k — loglog k)) > (log k)2, (5.5)
We take

- {log(Slogk)] .
log 2

and abbreviating the notation of the statement of Theorem 1.1, we write ¢ for ¢(j,rk + k,J) when
1<J<j,and A = A,,. By (5.5) we have A > 4(j — 1)(j — 2) log k, and hence

BP+iJ-1)(J-2)-A<k?-A,

1
A'=A(1- . .
< 810gk) (56)

where
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Therefore, by (1.4) we have
(G rk 4k, J = 1) < (267) 7" (k + (= A)gy)

for 2 < J < j. But ¢; = 1/k, and hence, by the obvious downwards induction argument (as in the
proof of Lemma 3.2 of Wooley [17]) we have

k 1 k K2 — AN\ ,
¢J§k2+A’+(E_k:2+A’)( 202 ) (A=T=d).
In particular, on writing
k A
A 1-5—
¢ k2 4+ A’ <1+2 kQ)’

we have ¢; < ¢'. But by (1.5) we have 0, % < ¢1. Then once more noting that A < k2, by (1.6) and
(5.6) we have A,y < A*, with

A*=A1—¢) +k(kpr —1)=A —k+ (k> —A)p1 <A —k+ (k* — A)¢’
k )_ kA'(1—219)

_ Y 1) < _
A= o)+ - D<A (1- g ) - TS

k : 1
< — " 21-279)(1- .
<A (1 k2+A’2(1 27) (1 8logk:)>

But by (5.4) we have

iy 1 k 1(1—1/8logk)®> 1 1
1—277) (1 - “(1- .
( )< 810gk) R+A  k(1+23logk) k" logk

2 1
seea (120 5)

and by (5.3) the induction is complete.
To complete the proof of Theorem 1.2 we apply Theorem 1.1 with 7 = 2. First note that

v(k)
2 1

2 —_—— —_—

k2 logk (1 ) (1 logk))

1
< k*log kexp <—2 (1 - @> (log k — loglog k)) < e*(logk)®.

Then

Then by (5.2) and (5.3), we have A, < 5(logk)® when r = v(k), and an inductive argument shows
that this bound holds whenever r > v(k). Next, for each s we have ¢(2,s,2) = 1/k, and by (1.4),

Asfk
2k3

b(2,5.1) = 1

Then by (1.5) and (1.6),

1 Avk\ Ay
Ag=A0y g (1-- - ,
g ( PRTE ) 2k

and so

The theorem is then completed by an inductive argument.
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6. THE ASYMPTOTIC FORMULA IN WARING’S PROBLEM.

We now prove Corollaries 1.1 and 1.2 to Theorem 1.1. For this purpose we use the simplification of
Theorem 1.1 embodied in Theorem 1.2. We note that a procedure similar to that employed in Section 4
of Wooley [17] could be used to improve the lower order terms in the bounds given by these corollaries.
However, the analysis would necessarily be more difficult, and in any case would seem to be of little
value. The methods for bounding G(k) using estimates from Vinogradov’s mean value theorem are well
known, and we shall therefore be rather brief in our treatment. We refer the reader to Sections 5.2 and
5.3 of Vaughan [11].

The proof of Corollary 1.1.. Let f(x) = Z§:1 ajz?, and suppose that there exist j,a,q with
2<j<k,la;—alq <q? (a,q) =1 and g < P?. Then by Vaughan [11], Theorem 5.2, we have

P
S el ) < (Jora@PIPHOD (P 1 P4 g 7)) log(2p)
n=1

for each natural number s. In particular, if P < ¢ < P?~!, then on writing A/, for the quantity A
appearing in the statement of Theorem 1.1 with k replaced by k — 1, we have

P
e(f(n)) < P'77F*,
n=1
where )
1—-—A
1(k—1)
o=olk) =max =y (6-1)

Now apply Theorem 1.2. We obtain

> ma i (1St -0 (1= 55 (1 4)) ).

in which r1 = [(k — 1)(log(k — 1) — loglog(k — 1))] + 1.
A standard optimisation shows that the maximum occurs when r < kloglog k, and so

2k?(log k + O(loglog k))o > 1. (6.2)

This completes the proof of Corollary 1.1.
The proof of Corollary 1.2.. The argument of Section 5.3 of Vaughan [11] shows that

Gk) <1+ HliII\Il(Zk‘T + Agr/00),
re

where Ay, is as given in Theorem 1.1, and ¢ = max{o, 21 7%}, where o is the exponent given by (6.1).
We again apply Theorem 1.2, noting that from Corollary 1.1 we have

o0 > (2k*(log k + O(loglog k))) ™.

Fhen G(k) < 1+ min (2k(r+r2)+M (1_% (1_%)>r)’

reN (oxs)

in which ro = [k(logk —loglog k)] + 1. A standard optimisation shows that the minimum occurs when
r < kloglogk, and so

G(k) < 2k (log k + O(loglog k)).

This completes the proof of Corollary 1.2.
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