
ON VINOGRADOV’S MEAN VALUE THEOREM

Trevor D. Wooley

1. Introduction

The object of this paper is to obtain improvements in Vinogradov’s mean value theorem widely
applicable in additive number theory. Let Js,k(P ) denote the number of solutions of the simultaneous
diophantine equations

xj1 + · · ·+ xjs = yj1 + · · ·+ yjs (1 ≤ j ≤ k), (1.1)

with 1 ≤ xi, yi ≤ P for 1 ≤ i ≤ s. In the mid-thirties Vinogradov developed a new method (now known
as Vinogradov’s mean value theorem) which enabled him to obtain fairly strong bounds for Js,k(P ). On
writing

f(α;Q) =
∑
x≤Q

e(α1x+ α2x
2 + · · ·+ αkx

k), (1.2)

in which e(α) denotes e2πiα, we observe that

Js,k(P ) =

∫
Tk

|f(α;P )|2sdα,

where Tk denotes the k-dimensional unit cube, and α = (α1, . . . , αk). It will therefore be readily
appreciated that bounds for the mean value Js,k(P ) provide information about the size of exponential
sums involving functions to which there are reasonable polynomial approximations. Thus there are
numerous applications for such bounds, and indeed Vinogradov was able to use his method with great
success in areas as diverse as Waring’s problem, zero-free regions for the Riemann zeta function, and
obtaining bounds for the fractional parts of polynomials (see Vinogradov [15] and Walfisz [16]).

Stechkin [9] and Karatsuba [7] have obtained bounds of the form

Jrk,k(P ) ≤ D(k, r)P 2rk− 1
2k(k+1)+η(r,k) (r ∈ N), (1.3)

where D(k, r) is independent of P , and η(r, k) = 1
2k

2(1− 1/k)r. Reductions in the permissible value of
η(r, k) have since been obtained, most recently by Turina [10], but these seem to be of importance only
for small values of r, the savings being rapidly dissipated as r increases.

In this paper we describe a new method which permits rather substantial improvements to be made
in the term η(r, k). Roughly speaking, we are able to double the rate at which η(r, k) diminishes with
respect to r in the region of importance. The precise form of our result is given in the following theorem.

Theorem 1.1. Let t and k be positive integers with t ≥ k ≥ 2, and suppose that µ a positive real
number with 2t− 1

2k(k + 1) < µ ≤ 2t, and satisfying the property that we have Jt,k(P )�t,k P
µ.

For s = t+ lk (l = 1, 2, . . . ), define the real numbers λs, ∆s, θs and φ(j, s, J) recursively as follows.
Put ∆t = µ + 1

2k(k + 1) − 2t. Then for l ≥ 1 and j = 1, . . . , k put φ(j, s, j) = 1/k, and evaluate
φ(j, s, J − 1) successively for J = j, . . . , 2 by

φ∗(j, s, J − 1) =
k +

(
k2 + 1

2 (J − 1)(J − 2)−∆s−k
)
φ(j, s, J)

2k2

φ(j, s, J − 1) = min {1/k, φ∗(j, s, J − 1)} (1.4)

Finally, set
θs = min

1≤j≤k
φ(j, s, 1), (1.5)
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∆s = ∆s−k(1− θs) + k(kθs − 1), (1.6)

λs = 2s− 1
2k(k + 1) + ∆s. (1.7)

Then for each s = t + lk (l = 1, 2, . . . ) we have Js,k(P ) � Pλs . (Here the implicit constant in
Vinogradov’s notation depends at most on s and k).

We remark that in the statement of Theorem 1.1, the ∆s which appear satisfy 0 ≤ ∆s ≤ k2, and
so the numbers φ are always positive. Consequently 0 ≤ θs ≤ 1/k for each s. Moreover, θs = 1/k
immediately yields the “classical” result, so that the superiority of Theorem 1.1 will be obvious. It is
useful to have a simplification of Theorem 1.1 of use in applications. The bound which we give below
could certainly be refined (along the lines of the treatment of section 4 of Wooley [17]), but that given
has the advantage of simplicity of derivation.

Theorem 1.2. There exists an absolute constant k0 such that whenever k ≥ k0, we have

Jrk,k(P )�r,k P
2rk− 1

2k(k+1)+η(r,k),

where

η(r, k) =k2 log k

(
1− 2

k
(1− 1/ log k)

)r
1 ≤ r ≤ r1(k),

η(r, k) =5(log k)3
(

1− 3

2k
(1− 1/k)

)r−r1(k)
r > r1(k),

in which we have written r1(k) = [k(log k − log log k)] + 1.

The dependency on s and k in our bound for Js,k(P ) could be found with a little effort. Indeed, it
is necessary to make this constant explicit in order to establish zero-free regions for the Riemann zeta
function. However, it would seem that our new results do not lead to any significant improvements in
the latter, and instead we concentrate on applications of Theorem 1.1 in additive number theory. The
method of proof of each of the following corollaries is in each case a simple modification of existing
methods, and we go into detail only in the first two cases.

We first obtain bounds for exponential sums.

Corollary 1.1. Let ψ(x) =
∑k
j=1 αjx

j, and put f(α) =
∑P
n=1 e (ψ(n)). Suppose that there exist j,

a, q with 2 ≤ j ≤ k, |αj − a/q| < q−2, (a, q) = 1 and q ≤ P j. Then if P � q � P j−1, we have
f(α)�ε,k P

1−σ+ε, where

σ = σ(k) = max
s∈N

(
1−∆s

2s

)
,

and ∆s is as given in the statement of Theorem 1.1, but with k replaced by k − 1. In particular,
(2k2 log k)σ(k) ≥ 1 + o(1) as k →∞.

Previously, the best exponent in such results satisfied (4k2 log k)σ(k) ≥ 1 + o(1) as k → ∞, (see
Vaughan [11], Theorem 5.3). Note that Baker’s generalization of Weyl’s inequality (see R. Baker [1],
Theorem 5.1) leads to a “minor arc” bound f(α) � P 1−τ(k)+ε with τ(k) = 21−k. Also, Heath-Brown
[3] has obtained an improvement of the latter exponent to τ(k) = 23−k/3 on a more restricted set of
α, at least, when ψ(n) = αnk and k ≥ 6. Corollary 1.1 improves on the latter exponent whenever
k ≥ 12. For small k, explicit values of σ(k) are frequently required, so we take this opportunity of
recording the values arising from Corollary 1.1 on applying Theorem 1.1 starting from the estimate
Jk+1,k(P )�ε,k P

k+1+ε (see Hua [6], Lemma 5.4).

Corollary 1.1a. Define σ(k) as in Corollary 1.1, and put ρ(k) = 104σ(k). Then we have ρ(11) ≥
12.416, ρ(12) ≥ 9.91907, ρ(13) ≥ 8.09323, ρ(14) ≥ 6.71884, ρ(15) ≥ 5.66022, ρ(16) ≥ 4.82792, ρ(17) ≥
4.16423, ρ(18) ≥ 3.62526, ρ(19) ≥ 3.18243, ρ(20) ≥ 2.81440.

Let G̃(k) denote the least integer t such that for all s ≥ t, and all sufficiently large natural numbers
n, we have the asymptotic formula in Waring’s problem, that is

card{x ∈ Ns : n = xk1 + · · ·+ xks} = (Ss,k(n) + o(1))
(Γ(1 + 1/k))

s

Γ(s/k)
ns/k−1.
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Here Ss,k(n) denotes the usual singular series in Waring’s problem (see Vaughan [11], Section 2.6).

The first workers to obtain a bound for G̃(k) were Hardy and Littlewood [2], who obtained G̃(k) ≤
(k − 2)2k−1 + 5 for k ∈ N. For small k, this bound has been improved on by Hua [4], who obtained

G̃(k) ≤ 2k + 1, and Vaughan [12, 13], who obtained G̃(k) ≤ 2k for k ≥ 3. Heath-Brown [3] has recently

shown that G̃(k) ≤ 7 · 2k−3 + 1 for k ≥ 6, and quite probably the “+1” can be saved by combining his
argument with that of Vaughan [13].

It seems likely that G̃(k) = O(k), and so the above bounds are clearly rather unsatisfactory, increasing

exponentially with k. It was therefore of great interest when Vinogradov [14] proved that G̃(k) ≤
183k9(log k + 1)2. This bound was improved by Vinogradov, Hua and others, and the best bound

currently known is of the form G̃(k) < (4 + o(1)) k2 log k as k → ∞, first proved by Hua [5] in 1949.
Since then only the o(1) term has been improved (see Vaughan [11], Section 5.3). Using Theorem 1.1
we obtain the following improvement.

Corollary 1.2. We have G̃(k) ≤ 1 + mins∈N (2s+ ∆s/σ0), where ∆s is as given by Theorem 1.1, and
σ0 = max{σ, 21−k}, in which σ = σ(k) is the exponent given by Corollary 1.1. In particular, we have

G̃(k) < (2 + o(1)) k2 log k as k →∞.

We take this opportunity to record bounds stemming from Corollaries 1.1 and 1.2 when 10 ≤ k ≤ 20.
Starting from the same estimate as was used for Corollary 1.1a, we obtain the following bounds.

Corollary 1.2a. We have G̃(10) ≤ 750, G̃(11) ≤ 975, G̃(12) ≤ 1200, G̃(13) ≤ 1450, G̃(14) ≤ 1725,

G̃(15) ≤ 2026, G̃(16) ≤ 2354, G̃(17) ≤ 2708, G̃(18) ≤ 3089, G̃(19) ≤ 3497, G̃(20) ≤ 3932.

These bounds may be compared with the bounds G̃(10) ≤ 897 (Heath-Brown [3]), and G̃(11) ≤ 1520,

G̃(12) ≤ 1948, G̃(13) ≤ 2355, G̃(14) ≤ 2810, G̃(15) ≤ 3309, G̃(16) ≤ 3852, G̃(17) ≤ 4440, G̃(18) ≤ 5074,

G̃(19) ≤ 5754, G̃(20) ≤ 6481 (attainable by the method of Vaughan [11], Chapter 5).
The final two corollaries we give without proof.

Corollary 1.3. Let k ≥ 4. Then there is a J = J(k) with the property that for any polynomial
f(x) = αkx

k + · · · + α1x and N > N0(k), there is a natural number n ≤ N with ‖f(n)‖ < N−1/J .
Further, we have J ≤ (4 + o(1)) k2 log k as k →∞.

Theorem 4.5 of R. Baker [1] gives a similar “localized” result on fractional parts in which, asymp-
totically, 8 replaces 4 in the final conclusion.

Corollary 1.4. There are positive numbers C1, δ(k) and C2(k, s) such that whenever s ≥ s0 =
5
3k

2(log k + C1 log log k), one has

Js,k(X) =
(
C2(k, s) +O(X−δ(k))

)
X2s−k(k+1)/2.

Theorem 7.4 of Vaughan [11] gives a similar result in which for some absolute constant C3 we have
s0 = k2(3 log k + log log k + C3).

The proof of Theorem 1.1 is motivated by the strategy adopted in the author’s recent work on
Waring’s problem (see Wooley [17]). There we were able to exploit the arithmetic properties of a suitable
set of integers A to set up an “efficient” Weyl differencing procedure. Thus, given a polynomial Ψ(x),
expressions of the form m−k

(
Ψ(z + hmk)−Ψ(z)

)
arise (Weyl differencing corresponds to the situation

where m = 1). Our methods necessarily differ from those of Wooley [17], because the underlying set of
integers for the equations (1.1) consists of a complete interval. However, we are nonetheless able to set
up a similar form of reduction formula to that in the aforementioned paper by using the well-known
“p-adic method” of Linnik-Karatsuba. Roughly speaking, we relate the number of solutions of the
simultaneous equations

k∑
i=1

(xji − y
j
i ) =

s∑
r=1

(ujr − vjr) (1 ≤ j ≤ k)

with 1 ≤ xi, yi ≤ P (1 ≤ i ≤ k), 1 ≤ ur, vr ≤ P (1 ≤ r ≤ s), to the number of solutions of the
simultaneous equations

k∑
i=1

(xji − y
j
i ) = pj

s∑
r=1

(mj
r − njr) (1 ≤ j ≤ k) (1.8)
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in which p is some fixed prime with P θ < p ≤ 2P θ, and

1 ≤ mr, nr ≤ P 1−θ (1 ≤ r ≤ s),
1 ≤ xi, yi ≤ P, xi ≡ yi (mod pk) (1 ≤ i ≤ k).

(1.9)

In previous applications of the method one took θ = 1/k, so that the congruential condition in (1.9)
implies, by permuting variables, that xi = yi (1 ≤ i ≤ k), and in this way Js+k,k(P ) is related to
Js,k(P 1−θ). We choose θ < 1/k, and then consider the substitution yi = xi + hip

k. This gives rise to

efficient differences, via expressions of the form Ψi,j = p−j
(

(xi + hip
k)j − xji

)
, and we are then able

to manipulate equations to obtain a new system of equations of the form

k∑
i=1

(Φi,j − Φ′i,j) =
s∑
r=1

(ujr − vjr) (1 ≤ j ≤ k),

with the Φi,j being of a form similar to the Ψi,j . There is then the possibility of repeating the whole
process, and thus extracting efficient differences repeatedly.

One major difficulty in both the new and old methods is the possibility that there may be singular
solutions to the system of congruences which arise from (1.8). In previous approaches to the problem,
one fixed the choice of prime and dealt with the possibility of singular solutions via a separate argument.
In this paper we consider a set of primes bounded in number by a power of k, and show that if there
is a singularity mod p for each of these primes, then there is a real singularity. The latter imposes a
strong restriction on the range of the variables. This treatment may be used to reduce the term D(k, r)
in (1.3) (such a process is executed in Wooley [18]).

In Section 2 we prove some preliminary lemmata before going on to prove the fundamental lemma in
Section 3. The latter is then used in Section 4 to establish the efficient differencing procedure, leading
to Theorem 1.1. In Section 5 we deduce Theorem 1.2 in an elementary manner from Theorem 1.1. The
remainder of the paper is then taken up with proving the corollaries, which are simple applications of
the main theorem through existing methods.

The author wishes to thank Professor R. C. Vaughan, for re-motivating the author with respect to
this problem, and for much useful advice during the course of the author’s PhD at Imperial College,
London. The author thanks the Science and Engineering Research Council for a grant. This paper was
revised while the author was in receipt of a US NSF grant, enjoying the hospitality of the Institute
for Advanced Study. The author also greatly appreciates the detailed suggestions of the referee, which
have much improved the exposition of this material.

2. Preliminary lemmata

We shall derive an analogue of the fundamental lemma of Wooley [17] relating the numbers of
solutions of two auxiliary equations. Unfortunately, the reduction formulae which we apply generate
rather complicated polynomials. We shall avoid explicit reference to these polynomials by adopting the
following notational convenience.

Definition. Let d and k be integers with 0 ≤ d ≤ k. Let P be a positive real parameter, and let A
be a sufficiently large (but fixed) positive real number. Then we say that the k-tuple of polynomials
(Ψ) = (Ψ1(x), . . . ,Ψk(x)) ∈ Z[x]k is of type (d, P,A) if

(a) Ψi has degree i− d for i ≥ d, and is identically zero for i < d, and

(b) the coefficient of xi−d in Ψi(x) is non-zero, and bounded by AP d (1 ≤ i ≤ k).

Where confusion is easily avoided, we shall frequently use such objects as (Ψ) in a generic sense.

As indicated in the introduction, our method depends fundamentally on efficient Weyl differencing.
We define the modified forward difference operator ∆∗i by

∆∗i (f(x);h;m) = m−i
(
f(x+ hmk)− f(x)

)
.

In the following lemma we give some immediate consequences of the above definitions.
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Lemma 2.1. Suppose that the system (Ψ) is of type (d, P,A). Then the following hold.
(i) Suppose that λij (1 ≤ j < i ≤ k) are integers, and the polynomials Φi are defined by

Φi = Ψi +
i−1∑
j=1

λijΨj (1 ≤ i ≤ k).

Then the system (Φ) is of type (d, P,A).
(ii) Define the Jacobian J(Ψ) by

J(Ψ) = det

(
∂Ψi(zj)

∂zj

)
d+1≤i,j≤k

.

Then

J(Ψ) = V det
(
zi−d−1j

)
d+1≤i,j≤k ,

with V a non-zero integer satisfying V � AkP kd.
(iii) Let h and m be fixed integers with 1 ≤ hmk ≤ BP , and define the polynomials Υi = Υi(z) by

Υi = ∆∗i (Ψi(z);h;m) (1 ≤ i ≤ k).

Then the system (Υ) is of type (d+ 1, P, kAB).

Proof. (i) Conditions (a) and (b) of the definition are satisfied almost trivially.
(ii) This follows by using row operations on the determinant.
(iii) We have that Υi(z) is of degree i − d − 1 for i ≥ d + 1, and is identically zero for 1 ≤ i ≤ d.

Then to prove (iii) we merely note that the leading coefficient of Υi(z) is (i − d)hmk−i < kBP times
that of Ψi(z).

The following result on the number of solutions of certain systems of congruences should be compared
with Lemma 1 of Linnik [8] (frequently attributed to Karatsuba).

Lemma 2.2. Suppose that the system (Ψ) is of type (d, P,A). Let B(p; u; Ψ) denote the number of
solutions (z1, . . . , zk) distinct (mod pk) of the system of congruences

k∑
i=1

Ψj(zi) ≡ uj (mod pj) (d+ 1 ≤ j ≤ k)

with

J(Ψ; z) = det

(
∂Ψi(zj)

∂zj

)
d+1≤i,j≤k

not divisible by p. Then B(p; u; Ψ)� pω(k,d), where

ω(k, d) = 1
2 (k(k − 1) + d(d+ 1)), (2.1)

and the implicit constant depends only on k.

Proof. Let Cs(p; u; Ψ) denote the number of solutions (z1, . . . , zk) distinct (mod pk) of the system of
congruences

k∑
i=s+1

Ψj(zi) ≡ uj (mod pk) (d+ 1 ≤ j ≤ k) (2.2)

with (J(Ψ; z), p) = 1.
We have

B(p; u; Ψ) =
∑
a

∗
C0(p; a; Ψ), (2.3)
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where the summation is over aj ≡ uj (mod pj) with 1 ≤ aj ≤ pk (d + 1 ≤ j ≤ k). For a fixed u, the

total number of choices for a is p
1
2 (k−d)(k−d−1). Next, by taking any of the pk possible choices for each

zi in (2.2) with 1 ≤ i ≤ s = d, we have

C0(p; a; Ψ) ≤ pkd max
b
Cd(p; b; Ψ) (2.4)

where the maximum is over all b ∈ (Z/pkZ)k−d. If we can now show that Cd(p; b; Ψ) is bounded
independently of p, then the result will follow from (2.3) and (2.4), since 1

2 (k−d)(k−d−1)+kd = ω(k, d).
We begin our investigation of Cd(p; b; Ψ) by considering the congruences

k∑
i=d+1

Ψj(zi) ≡ bj (mod p) (d+ 1 ≤ j ≤ k). (2.5)

Let (xd+1, . . . , xk) be any solution of the system (2.5) with (J(Ψ; x), p) = 1, and let (yd+1, . . . , yk) be
another such. Let

P (X) =
k∏

i=d+1

(X − xi).

Then by Newton’s formulae connecting the sums of the powers of the roots of a polynomial with its
coefficients, and by using the information on the leading coefficients of the Ψj given by the condition
(J(Ψ; z), p) = 1, we have

P (X) ≡
k∏

i=d+1

(X − yi) (mod p).

Then P (yr) ≡ 0 (mod p) for d+ 1 ≤ r ≤ k. Now (Ψ) is of type (d, P,A), and so by Lemma 2.1(ii) we
have

J(Ψ; z) = V det(zi−d−1j )d+1≤i,j≤k

for some non-zero integer V . But since (J(Ψ; y), p) = (J(Ψ; x), p) = 1, the xr and yr must each be
distinct (mod p). We therefore conclude that the yr are a permutation of the xr, and hence that the
number of solutions of (2.5) with (J(Ψ; z), p) = 1 is at most

(k − d)!. (2.6)

Next we use the non-singularity condition to lift the solutions (mod p) uniquely to solutions
(mod pk). Suppose that z is any solution counted by Cd(p; b; Ψ), and consider all other distinct solu-
tions z′ such that z′ ≡ z (mod p) and (J(Ψ; z′), p) = 1 (if any such solutions exist). We may plainly
write z′i = zi + ζip

τ (d + 1 ≤ i ≤ k) for some integers ζi. Further, without loss of generality we may
suppose that (ζd+1, . . . , ζk, p) = 1 and 1 ≤ τ < k. Write Ψ′(z) for ∂Ψ(z)/∂z. Then on substituting z′

for z, by (2.2) we have
k∑

i=d+1

ζiΨ
′
j(zi) ≡ 0 (mod p) (d+ 1 ≤ i ≤ k).

But det(Ψ′j(zi))d+1≤i,j≤k 6≡ 0 (mod p), and hence ζi ≡ 0 (mod p) (d+ 1 ≤ i ≤ k). This contradicts the
assumption (ζd+1, . . . , ζk, p) = 1, and so we conclude from (2.6) that Cd(p; b; Ψ) ≤ (k− d)! for every b,
which completes the proof of the lemma.

3. The fundamental lemma.

In the remainder of this paper we consider P to be the basic parameter, a sufficiently large real
number. Implicit constants will depend only on the natural numbers k ≥ 2 and r, unless stated
otherwise.

Suppose that (Ψ1, . . . ,Ψk) is of type (d, P,A). Taking J(Ψ; z) to be as in the statement of Lemma
2.2, we can find a positive integer, l = l(A, k), independent of P , such that

sup
z

(
log |J(Ψ; z)|

logP

)
< kl,
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where the supremum is over z with 1 ≤ zi ≤ P (d+ 1 ≤ i ≤ k) subject to J(Ψ; z) 6= 0.
Let θ be a real number with 0 < θ ≤ 1/k. We take P(θ) to be the set consisting of the smallest

[2kl/θ] + 1 primes exceeding P θ. Notice that on taking P sufficiently large, we have P θ < p < 2P θ for
each p ∈ P(θ).

Define Ks(P,Q; Ψ) to be the number of solutions of the simultaneous equations

k∑
n=1

(Ψi(zn)−Ψi(z
′
n)) +

s∑
m=1

(xim − yim) = 0 (1 ≤ i ≤ k) (3.1)

with
0 < zn, z

′
n ≤ P (1 ≤ n ≤ k), and 0 < xm, ym ≤ Q (1 ≤ m ≤ s). (3.2)

Also, for p ∈ P(θ) we define Ls(P,Q; θ; p; Ψ) to be the number of solutions of the simultaneous equations

k∑
n=1

(Ψi(zn)−Ψi(z
′
n)) + pi

s∑
m=1

(uim − vim) = 0 (1 ≤ i ≤ k) (3.3)

with z, z′ satisfying (3.2), and

0 < um, vm ≤ QP−θ (1 ≤ m ≤ s), zn ≡ z′n (mod pk) (1 ≤ n ≤ k). (3.4)

We then write
Ls(P,Q; θ; Ψ) = max

p∈P(θ)
Ls(P,Q; θ; p; Ψ).

We are now in a position to state and prove the fundamental lemma.

Lemma 3.1. Suppose that s ≥ d, 0 < P θ ≤ Q ≤ P , and that the system (Ψ1, . . . ,Ψk) is of type
(d, P,A). Then there exists a system (Φ1, . . . ,Φk) of type (d, P,A) such that

Ks(P,Q; Ψ)�θ,A P
kJs,k(Q) + P (2s+ω(k,d−1))θLs(P,Q; θ; Φ),

where ω(k, d) is given by (2.1).

Proof. In the proof of this lemma implicit constants may depend on θ and A. Let R1(w) denote the
number of solutions of the simultaneous equations

k∑
n=1

Ψi(zn) +
s∑

m=1

xim = wi (1 ≤ i ≤ k) (3.5)

with w fixed, and with z,x satisfying (3.2), and the additional condition that the zn be distinct. Also,
let R2(w) denote the corresponding number of solutions with the zn not distinct.

We have
Ks(P,Q; Ψ) =

∑
w

(R1(w) +R2(w))2,

where the summation is over w ∈ Zk. Then Ks(P,Q; Ψ) ≤ 4(S1 + S2), where Si =
∑

w Ri(w)2

(i = 1, 2).
We divide into two cases.
(i) Suppose that S2 ≥ S1. Then we have Ks(P,Q; Ψ) ≤ 8S2. Let f(α;Q) be defined as in (1.2), and

F (α) =
∑
z≤P

e(α1Ψ1(z) + · · ·+ αkΨk(z)).

On noting that S2 counts solutions of (3.1) in which the zn are not distinct, and likewise the z′n, by
considering the underlying diophantine equations we deduce that

S2 �
∫
Tk

|F (2α)2F (α)2k−4f(α;Q)2s|dα.
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Then by applying Hölder’s inequality twice, we obtain

Ks(P,Q; Ψ)�
(∫

Tk

|F (α)2kf(α;Q)2s|dα
)1−2/k (∫

Tk

|F (2α)kf(α;Q)2s|dα
)2/k

.

By making a trivial estimate, we therefore have

Ks(P,Q; Ψ)� (Ks(P,Q; Ψ))
1−2/k

(
P k
∫
Tk

|f(α;Q)|2sdα
)2/k

,

and the result follows in the first case.
(ii) Suppose that S1 ≥ S2. Then we have Ks(P,Q; Ψ) ≤ 8S1. For a solution z,x counted by R1(w),

consider the Jacobian J(Ψ; z). Since (Ψ) is of type (d, P,A), by Lemma 2.1(ii) we have

J(Ψ; z) = V det(zi−d−1j )d+1≤i,j≤k

for some non-zero integer V . Then since the zj are distinct, we have J(Ψ; z) 6= 0. Hence the number,
N∗(z), of prime divisors p of J(Ψ; z) with p ≥ P θ satisfies

N∗(z) ≤ log |J(Ψ; z)|
θ logP

< klθ−1.

But then card (P(θ)) > N∗(z) + N∗(z′), and hence there is a prime p ∈ P(θ) with p dividing neither
J(Ψ; z) nor J(Ψ; z′). It therefore follows that S1 ≤

∑
p∈P(θ) S3(p), where S3(p) denotes the number

of solutions of the equations (3.1) subject to (3.2), and in addition with the zn distinct (mod p), and
likewise the z′n.

Consider any solution z, z′, x, y counted by S3(p). Since Ψ is of type (d, P,A), we have

s∑
m=1

(xim − yim) = 0 (1 ≤ i ≤ d).

Let B(w) denote the set of solutions distinct (mod p) of the system of congruences

s∑
m=1

xim ≡ wi (mod p) (1 ≤ i ≤ d).

It is a simple exercise to show that when s ≥ d, we have card (B(w)) � ps−d (the number of singular
solutions of this system of congruences is particularly easy to estimate).

Let
fp(α; y) =

∑
0<x≤Q

x≡y (mod p)

e(α1x+ · · ·+ αkx
k),

and
G(α) =

∑
z1≤P

· · ·
∑
zk≤P

e(α1s1(z) + · · ·+ αksk(z)),

(J(Ψ;z),p)=1

in which we have written
si(z) = Ψi(z1) + · · ·+ Ψi(zk).

Then by considering the underlying diophantine equations, we have

S3(p) ≤
∫
Tk

|G(α)|2
p∑

w1=1

· · ·
p∑

wd=1

|U(α; w)|2dα,

where
U(α; w) =

∑
u∈B(w)

fp(α;u1) . . . fp(α;us).
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But by Cauchy’s inequality, followed by an application of the arithmetic-geometric mean inequality, we
have

|U(α; w)|2 ≤ card (B(w))
∑

u∈B(w)

|fp(α;u1) . . . fp(α;us)|2

� ps−d
∑

u∈B(w)

s∑
i=1

|fp(α;ui)|2s.

Hence
S3(p)� p2s−d max

1≤x≤p
S4(x, p), (3.6)

where

S4(x, p) =

∫
Tk

|G(α)2fp(α;x)2s|dα.

But S4(x, p) is the number of solutions of the simultaneous equations

k∑
n=1

(Ψi(zn)−Ψi(z
′
n)) +

s∑
m=1

(
(pym + x)i − (py′m + x)i

)
= 0 (1 ≤ i ≤ k), (3.7)

with z, z′ satisfying (3.2) subject to

(J(Ψ; z), p) = (J(Ψ; z′), p) = 1, (3.8)

and
−x/p < ym, y

′
m ≤ (Q− x)/p. (3.9)

Then on noting that by the binomial theorem,

i∑
j=0

(
i

j

)
(pym + x)j(−x)i−j = (pym)i,

we deduce that for each solution z, z′, y, y′ of (3.7), we have

k∑
n=1

(Φi(zn)− Φi(z
′
n)) + pi

s∑
m=1

(yim − y′
i
m) = 0 (1 ≤ i ≤ k), (3.10)

where

Φi(z) =

i∑
j=0

(
i

j

)
Ψj(z)(−x)i−j .

Conversely, each solution z, z′, y, y′ of (3.10) satisfies (3.7). Then S4(x, p) is the number of solutions
of the system (3.10) with z, z′ satisfying (3.2) subject to (3.8), and with y, y′ satisfying (3.9). Further,
by Lemma 2.1(i) the system (Φ) is of type (d, P,A), and in particular, by using row operations on the
implicit determinant we have J(Φ; z) = J(Ψ; z).

Now, on recalling definition (1.2), and abbreviating (α1p, . . . , αkp
k) to αpi, we have∣∣∣∣∣∣

∑
0≤y≤Y

e(α1py + · · ·+ αkp
kyk)

∣∣∣∣∣∣
2s

� 1 + |f(αpi;Y )|2s.

Let
H(α) =

∑
z1≤P

· · ·
∑
zk≤P

e(α1t1(z) + · · ·+ αktk(z)),

(J(Φ;z),p)=1
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in which we have written

ti(z) = Φi(z1) + · · ·+ Φi(zk).

Then by considering the underlying diophantine equations, and semi-diagonal solutions of these equa-
tions, we have

S4(x, p)�
∫
Tk

|H(α)2f(αpi;QP−θ)2s|dα. (3.11)

The integral on the right hand side of (3.11) is equal to the number of solutions of the equations (3.10)
with the variables satisfying (3.2),

(J(Φ; z), p) = (J(Φ; z′), p) = 1, (3.12)

and

1 ≤ ym, y′m ≤ QP−θ. (3.13)

Now Φi(z) is independent of z for 1 ≤ i ≤ d. Also, for each solution counted by S4(x, p) we have

ti(z) ≡ ti(z′) (mod pi) (d+ 1 ≤ i ≤ k),

so that each solution of (3.10) subject to (3.12) and (3.13) may be classified according to the common
residue class (mod pi) of ti(z) and ti(z

′) for each i.

Let B∗(p; u; Ψ) denote the set of solutions (z1, . . . , zk) distinct (mod pk) of the system of congruences

ti(z) ≡ ui (mod pi) (d+ 1 ≤ i ≤ k),

with (J(Φ; z), p) = 1. Then by Lemma 2.2 we have card (B∗(p; u; Ψ))� pω(k,d). Let

H(α; z) =
∑
x1≤P

x1≡z1 (mod pk)

· · ·
∑
xk≤P

xk≡zk (mod pk)

e (α1t1(z) + · · ·+ αktk(z)) .

Then we have

S4(x, p)� V (p), (3.14)

where

V (p) =

∫
Tk

Hp(α)|f(αpi;QP−θ)|2sdα, (3.15)

and

Hp(α) =

pd+1∑
ud+1=1

· · ·
pk∑

uk=1

∣∣∣∣∣∣
∑

z∈B∗(p;u;Ψ)

H(α; z)

∣∣∣∣∣∣
2

.

But by Cauchy’s inequality,

Hp(α) ≤
pd+1∑

ud+1=1

· · ·
pk∑

uk=1

card(B∗(p; u; Ψ))
∑

z∈B∗(p;u;Ψ)

|H(α; z)|2.

Then by (3.6), (3.14) and (3.15), we have

S3(p)� p2s+ω(k,d−1)
pk∑
z1=1

· · ·
pk∑
zk=1

∫
Tk

|H(α; z)2f(αpi);QP−θ)2s|dα

and the lemma now follows in the second case, on considering the underlying diophantine equations.
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4. Successive differencing

Here we shall set up the apparatus necessary to achieve the efficient differencing process mentioned
in the introduction.

Lemma 4.1. Suppose that 1 < P θ ≤ Q ≤ P , and that the system (Φ1, . . . ,Φk) is of type (d, P,A).
Write H = P 1−kθ. Then there exist p ∈ P(θ) and h satisfying 1 ≤ h ≤ H such that the system
(Υ1, . . . ,Υk), given by

Υi = ∆∗i (Φi(z);h; p) (1 ≤ i ≤ k),

satisfies the property that

Ls(P,Q; θ; Φ)�A P
kJs,k(QP−θ) +Hk

(
Ks(P,QP

−θ; Υ)Js,k(QP−θ)
)1/2

.

Furthermore, (Υ) is of type (d+ 1, P, k2kA).

Proof. In the proof of this lemma implicit constants may depend on A. We shall prove the bound in
the lemma with Ls = Ls(P,Q; θ; p; Φ) in place of Ls(P,Q; θ; Φ), and remove the maximum implicit in
the conclusion. The lemma then follows easily.

Let

Ip(α) =

pk∑
z=1

∣∣∣∣∣∣∣∣
∑
x≤P

x≡z (mod pk)

e (α1Φ1(x) + · · ·+ αkΦk(x))

∣∣∣∣∣∣∣∣
2

.

We have Ls � U0 + U1, where U0 denotes the number of solutions of the equations (3.3) subject to
(3.4), and with zn = z′n for some n with 1 ≤ n ≤ k, and U1 denotes the corresponding number of
solutions with zn 6= z′n (1 ≤ n ≤ k).

We divide into cases.
(i) Suppose that U0 ≥ U1. We have

U0 � P

∫
Tk

(Ip(α))k−1|f(αpi;QP−θ)|2sdα.

An application of Hölder’s inequality gives

Ls(P,Q; θ; p; Φ)�P
(∫

Tk

(Ip(α))k|f(αpi;QP−θ)|2sdα
)1−1/k

×
(∫

Tk

|f(αpi;QP−θ)|2sdα
)1/k

=P (Ls(P,Q; θ; p; Φ))
1−1/k (

Js,k(QP−θ)
)1/k

,

and the result now follows in the first case.
(ii) Suppose that U1 ≥ U0. For each solution of (3.3) counted by U1, we have zn ≡ z′n (mod pk) and

zn 6= z′n (1 ≤ n ≤ k). Then for some hn with 1 ≤ |hn| ≤ H, we have

z′n = zn + hnp
k (1 ≤ n ≤ k). (4.1)

On substituting (4.1) into (3.3), we deduce that

U1 ≤
∑
η1

· · ·
∑
ηk

U2(η1, . . . , ηk),

where the summation is over ηi = ±1 (i = 1, . . . , k), and where U2(η) is the number of solutions of the
system of equations

k∑
j=1

ηjΥi(zj ;hj ; p) +

s∑
m=1

(uim − vim) = 0 (1 ≤ i ≤ k)
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with z satisfying (3.2), 0 < um, vm ≤ QP−θ (1 ≤ m ≤ s), and 1 ≤ hj ≤ H (1 ≤ j ≤ k). Further, the
system (Υ) is of type (d+ 1, P, k2kA) by Lemma 2.1(iii).

Define

W (α;h) =
∑
z≤P

e (α1Υ1(z;h; p) + · · ·+ αkΥk(z;h; p)) .

Then by considering the underlying diophantine equations, we have

U1 ≤
∑
η

∫
Tk

 k∏
j=1

∑
h≤H

W (ηjα;h)

 |f(α;QP−θ)|2sdα,

where the summation is over η ∈ {+1,−1}k. But by Hölder’s inequality we have

∑
η

 k∏
j=1

∑
h≤H

W (ηjα;h)

� Hk−1
∑
h≤H

|W (α;h)|k.

Then by the Cauchy-Schwarz inequalities we have

U1 �
(∫

Tk

|f(α;QP−θ)|2sdα
)1/2

×

H2k−1
∫
Tk

∑
h≤H

|W (α;h)2kf(α;QP−θ)2s|dα

1/2

,

which leads to the desired conclusion in the second case, on considering the underlying diophantine
equations.

This completes the proof of the lemma.

Combining the conclusions of Lemmata 3.1 and 4.1 gives us a means of relating Ks(P,Q; Ψ) to
Ks(P,QP

−θ; Υ), where Υ behaves like ∆∗Ψ. We are therefore able to take differences repeatedly, and
this enables us to obtain estimates for Js+k,k(P ) in terms of Js,k(Q). Theorem 1.1 supplies us with a
bound of the form Js,k(P )� Pλs .

The proof of Theorem 1.1. Before starting the proof of the theorem, we make some comments
concerning the variables in its statement. Notice first that for each j, s and J , we have φ(j, s, J) ≤ 1/k.
Therefore θs ≤ 1/k, and hence

∆s ≤ max {0,∆s−k} ≤ k(k + 1)/2 < k2,

by a trivial induction. Then (1.4) yields positive values for the φ and φ∗, and thus θs > 0. Also, (1.7)
gives λs ≤ 2s.

We prove the result by induction, the case s = t being assumed. So suppose that the result holds
with s′ = t+mk for each 0 ≤ m ≤ l, and let s = t+ lk. We write λ for λs.

Let j be the least integer with 1 ≤ j ≤ k such that θs+k = φ(j, s + k, 1). For J = 1, . . . , j define
φJ = φ(j, s + k, J) as in the statement of the theorem. Then if φJ = 1/k for some J < j, we
have φ(j, s + k, J) = φ(J, s + k, J), and one finds successively that φ(j, s + k, r) = φ(J, s + k, r) for
r = J, J − 1, . . . , 1, contradicting the minimality of j. Thus φJ < 1/k for J < j. We adopt the notation
of writing

Mi = Pφi , Hi = PM−ki , Qi = P (M1 . . .Mi)
−1 (1 ≤ i ≤ j),

and adopt the convention that Q0 = P . We shall also take Aj to be a series of sufficiently large (but
fixed) real numbers with each ratio Aj/Aj−1 also sufficiently large.

We shall first prove inductively that for J = j − 1, j − 2, . . . , 0, all systems (Φ) of type (J, P,AJ)
satisfy

Ls(P,QJ ;φJ+1; Φ)� P kQλJ+1. (4.2)
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First notice that if (Ψ) is of type (j, P,A), then a trivial estimate gives

Ks(P,Qj ; Ψ)� P 2kJs,k(Qj).

Then by Lemma 4.1, for all systems (Φ) of type (j − 1, P,Aj−1) we have

Ls(P,Qj−1;φj ; Φ)� P kJs,k(Qj) + P kHk
j Js,k(Qj).

But we have φ(j, s+ k, j) = 1/k, and hence Hj = 1. Thus the result follows in the case J = j − 1.
We shall now suppose that (4.2) holds for J , and deduce the corresponding result for J − 1. We

have just established (4.2) when J = j − 1, so we may assume that J ≤ j − 1. Then by Lemma 3.1, all
systems (Ψ) of type (J, P,AJ) satisfy

Ks(P,QJ ; Ψ)� P kJs,k(QJ) +M
2s+ω(k,J−1)
J+1 P kQλJ+1.

But since λ ≤ 2s, we have, by our inductive hypothesis,

Js,k(QJ)� QλJ = (MJ+1QJ+1)λ ≤M2s
J+1Q

λ
J+1,

and hence

Ks(P,QJ ; Ψ)� P kM2s
J+1Q

λ
J+1 +M

2s+ω(k,J−1)
J+1 P kQλJ+1

�M
2s+ω(k,J−1)
J+1 P kQλJ+1.

We therefore deduce from Lemma 4.1 that for all (Φ) of type (J − 1, P,AJ−1) we have

Ls(P,QJ−1;φJ ; Φ)� T3 + T
1/2
4 , (4.3)

where
T3 = P kQλJ , (4.4)

and
T4 = P kM

2s+ω(k,J−1)
J+1 H2k

J QλJQ
λ
J+1. (4.5)

We have assumed that φJ < 1/k for J < j, and hence that φJ = φ∗(j, s + k, J). Then by (1.7) and
(1.4) we have

(2s+ ω(k, J − 1))φJ+1 − λφJ+1 = (k2 + 1
2J(J − 1)−∆s)φ(j, s+ k, J + 1)

= 2k2φJ − k.

Then by (4.5) we deduce that T
1/2
4 = P kQλJ , and hence from (4.3), (4.4) and (4.5) that

Ls(P,QJ−1;φJ ; Φ)� P kQλJ .

Thus (4.2) follows with J − 1 replacing J , and our second assertion holds for J = 0, . . . , j − 1.
It therefore follows that all systems (Φ) of type (0, P,A0) satisfy

Ls(P,Q0;φ1; Φ)� P kQλ1 ,

so that by Lemma 3.1, for all systems (Ψ) of type (0, P,A0), we have

Ks(P,Q0; Ψ)� P k+λ +M
2s+ω(k,−1)
1 P kQλ1 .

Then
Js+k,k(P )� Ks(P, P ; Ψ)� P k+λ + Pλ

′
,

where by (1.5), (1.6) and (1.7) we have

λ′ = λ(1− θs+k) + k + (2s+ 1
2k(k − 1))θs+k

= 2(s+ k)− 1
2k(k + 1) + ∆s+k.

On noting that λ′ ≥ λ+ k, since λ ≤ 2s and θs+k > 0, we find that the inductive hypothesis follows for
s+ k in place of s.

This completes the proof of the theorem.
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5. A simplified result

We give here an elementary argument which leads to a bound asymptotically of similar strength to
Theorem 1.1. We shall suppose throughout that k is a sufficiently large integer, and therefore write
such statements as k > 8(log k)2 without comment. We adopt the same notation as in the statement
of Theorem 1.1.

We have 0 ≤ θs ≤ 1/k, so that if 0 < ∆s−k ≤ k2 is positive, then by (1.6) we have

∆s = ∆s−k(1− 1/k) + (k2 −∆s−k)(θs − 1/k) ≤ ∆s−k(1− 1/k).

Then ∆rk is a decreasing function of r for r ≥ 1, and on noting the simple estimate Jk,k(P ) � P k

(giving ∆k = 1
2k(k − 1)) we recover the “classical” bound

∆rk ≤ 1
2k

2(1− 1
k )r. (5.1)

By working somewhat harder we shall obtain Theorem 1.2.
Let u(k) = [k log log k] + 1 and v(k) = [k(log k− log log k)] + 1. We shall prove inductively that when

r ≤ v(k), we have

Jrk,k(P )� P 2rk− 1
2k(k+1)+η(r,k), (5.2)

where the implicit constant depends at most on r and k, and

η(r, k) = 3
5k

2 log k
(
1− 2

k (1− 1/ log k)
)r
. (5.3)

First notice that

(1− 1/k)r
(

1− 2

k
(1− 1/ log k)

)−r
< (1 + 1/k)r.

For r ≥ 1 the latter is at most e(r−1)/k(1 + 1/k). Then for r ≤ u(k), by (5.1) we have

∆rk <
1
2k

2(1 + 1/k)elog log k
(
1− 2

k (1− 1/ log k)
)r
,

and so (5.3) follows in this case.
Suppose now that u(k) ≤ r < v(k), and that (5.2) holds with (5.3) for each r′ ≤ r. We apply

Theorem 1.1 with t = rk,
∆t = 3

5k
2 log k

(
1− 2

k (1− 1/ log k)
)r
,

and µ = 2t− 1
2k(k+1)+∆t. By elementary analysis, for each x ≥ 2 we have e−1−2/x < (1−1/x)x < e−1,

and hence

∆t <
3
5k

2 log k
(
1− 2

k (1− 1/ log k)
)k log log k

< 3
5k

2 log k exp(−2 log log k(1− 1/ log k)) <
2k2

3 log k
, (5.4)

and

∆t >
3
5k

2 log k(1− 2/k)k(log k−log log k)

> 3
5k

2 log k exp (−2(1 + 4/k)(log k − log log k)) > (log k)2. (5.5)

We take

j =

[
log(8 log k)

log 2

]
+ 1,

and abbreviating the notation of the statement of Theorem 1.1, we write φJ for φ(j, rk + k, J) when
1 ≤ J ≤ j, and ∆ = ∆rk. By (5.5) we have ∆ > 4(j − 1)(j − 2) log k, and hence

k2 + 1
2 (J − 1)(J − 2)−∆ < k2 −∆′,

where

∆′ = ∆

(
1− 1

8 log k

)
. (5.6)
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Therefore, by (1.4) we have

φ∗(j, rk + k, J − 1) < (2k2)−1
(
k + (k2 −∆′)φJ

)
for 2 ≤ J ≤ j. But φj = 1/k, and hence, by the obvious downwards induction argument (as in the
proof of Lemma 3.2 of Wooley [17]) we have

φJ ≤
k

k2 + ∆′
+

(
1

k
− k

k2 + ∆′

)(
k2 −∆′

2k2

)j−J
(1 ≤ J ≤ j).

In particular, on writing

φ′ =
k

k2 + ∆′

(
1 + 21−j

∆′

k2

)
,

we have φ1 ≤ φ′. But by (1.5) we have θrk+k ≤ φ1. Then once more noting that ∆ ≤ k2, by (1.6) and
(5.6) we have ∆rk+k ≤ ∆∗, with

∆∗ = ∆(1− φ1) + k(kφ1 − 1) = ∆− k + (k2 −∆)φ1 ≤ ∆− k + (k2 −∆)φ′

= ∆(1− φ′) + k(kφ′ − 1) ≤ ∆

(
1− k

k2 + ∆′

)
− k∆′(1− 21−j)

k2 + ∆′

≤ ∆

(
1− k

k2 + ∆′
2(1− 2−j)

(
1− 1

8 log k

))
.

But by (5.4) we have

(1− 2−j)

(
1− 1

8 log k

)
k

k2 + ∆′
>

1

k

(1− 1/8 log k)
2

(1 + 2/3 log k)
>

1

k

(
1− 1

log k

)
.

Then

∆rk+k < ∆

(
1− 2

k

(
1− 1

log k

))
,

and by (5.3) the induction is complete.

To complete the proof of Theorem 1.2 we apply Theorem 1.1 with j = 2. First note that

k2 logk

(
1− 2

k

(
1− 1

log k

))v(k)
< k2 log k exp

(
−2

(
1− 1

log k

)
(log k − log log k)

)
< e2(log k)3.

Then by (5.2) and (5.3), we have ∆rk < 5(log k)3 when r = v(k), and an inductive argument shows
that this bound holds whenever r ≥ v(k). Next, for each s we have φ(2, s, 2) = 1/k, and by (1.4),

φ(2, s, 1) =
1

k
− ∆s−k

2k3
.

Then by (1.5) and (1.6),

∆s = ∆s−k

(
1− 1

k
+

∆s−k

2k3

)
− ∆s−k

2k
,

and so

∆rk+k < ∆rk

(
1− 3

2k

(
1− 1

k

))
.

The theorem is then completed by an inductive argument.
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6. The asymptotic formula in Waring’s problem.

We now prove Corollaries 1.1 and 1.2 to Theorem 1.1. For this purpose we use the simplification of
Theorem 1.1 embodied in Theorem 1.2. We note that a procedure similar to that employed in Section 4
of Wooley [17] could be used to improve the lower order terms in the bounds given by these corollaries.
However, the analysis would necessarily be more difficult, and in any case would seem to be of little

value. The methods for bounding G̃(k) using estimates from Vinogradov’s mean value theorem are well
known, and we shall therefore be rather brief in our treatment. We refer the reader to Sections 5.2 and
5.3 of Vaughan [11].

The proof of Corollary 1.1.. Let f(x) =
∑k
j=1 αjx

j , and suppose that there exist j, a, q with

2 ≤ j ≤ k, |αj − a/q| < q−2, (a, q) = 1 and q ≤ P j . Then by Vaughan [11], Theorem 5.2, we have

P∑
n=1

e(f(n))�
(
Js,k−1(2P )P

1
2k(k−1)(qP−j + P−1 + q−1)

)1/2s
log(2P )

for each natural number s. In particular, if P � q � P j−1, then on writing ∆′s for the quantity ∆s

appearing in the statement of Theorem 1.1 with k replaced by k − 1, we have

P∑
n=1

e(f(n))� P 1−σ+ε,

where

σ = σ(k) = max
l∈N

1−∆′l(k−1)

2(k − 1)l
. (6.1)

Now apply Theorem 1.2. We obtain

σ ≥ max
r∈N

1

2(k − 1)(r + r1)

(
1− 5(log(k − 1))3

(
1− 3

2(k − 1)

(
1− 1

k − 1

))r)
,

in which r1 = [(k − 1)(log(k − 1)− log log(k − 1))] + 1.
A standard optimisation shows that the maximum occurs when r � k log log k, and so

2k2(log k +O(log log k))σ ≥ 1. (6.2)

This completes the proof of Corollary 1.1.

The proof of Corollary 1.2.. The argument of Section 5.3 of Vaughan [11] shows that

G̃(k) ≤ 1 + min
r∈N

(2kr + ∆kr/σ0),

where ∆kr is as given in Theorem 1.1, and σ0 = max{σ, 21−k}, where σ is the exponent given by (6.1).
We again apply Theorem 1.2, noting that from Corollary 1.1 we have

σ0 ≥ (2k2(log k +O(log log k)))−1.

Then

G̃(k) ≤ 1 + min
r∈N

(
2k(r + r2) +

5(log k)3

σ0

(
1− 3

2k

(
1− 1

k

))r)
,

in which r2 = [k(log k − log log k)] + 1. A standard optimisation shows that the minimum occurs when
r � k log log k, and so

G̃(k) ≤ 2k2(log k +O(log log k)).

This completes the proof of Corollary 1.2.
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